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Abstract

Higher order characteristics of channel errors are known to have a significant impact
on protocol performance. Two state Markov models, which have been widely used to
model bursty communication channels may be inadequate for the representation of some
time-varying channels. Although a larger number of states will almost surely provide a
better representation of the channel, the complexity of the model makes the analysis of
higher layer protocols difficult. Furthermore, the quality of a particular channel model has
much to do with the nature of the metric being computed.

Although a two state Markov channel model leads to throughput predictions of proto-
cols such as ARQ that agree quite well with simulations over Rayleigh fading channels,
such a model is found to be inadequate for predicting delay in an ARQ/queueing system
that operates over a fading channel. On the other hand, good matches with simulation
results are obtained by modeling the error process by means of a Markov model with one
good state and two bad states. The model with two bad states results in a richer, non
geometric fade duration and can consequently better model the effect of fading from the
perspective of delay. The effect of model parameter values on the goodness of the approx-
imation is also discussed.

1 Introduction

For some time now, we have been studying the effect of wireless channel errors on the per-
formance of protocols [1]–[6]. These studies have shown that higher order characteristics of
channel errors have a significant impact on performance and that correlations in channel errors
can be exploited to reduce energy consumption. These findings suggest that proper modeling
of the channel errors is key in being able to accurately predict the performance of a protocol,
and motivated us to reexamine the channel models we have used in the past. Markov models
have been widely used to model bursty communication channels [7], from the early work of
Gilbert [8] to more recent papers studying their applicability to fading channels [1], [9]–[15].

Although more general than the iid (memoryless) error model, the 2-state channel model [1]
may be inadequate for the representation of some time-varying channels. One way to overcome
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this problem is to enlarge the number of states [11]–[15]. Fritchman [16] investigated a finite-
state Markov chain model with more than two states. The state space was then partitioned into
two groups, corresponding to error-free states and error states. Fritchman’s model has been
applied by many researchers to represent error sequences obtained over the fading channels.
Although a large number of states will almost surely provide a better representation of the
channel, the complexity of the model makes subsequent performance analysis of higher layer
protocols increasingly difficult.

The quest to develop models that adequately represent real channels while being mathemat-
ically tractable has taken several directions. In [17], the authors explored conditions under
which an

�
-state Markov channel model can be reduced to a � -state model and ways to

stochastically upper and lower bound the original channel model with a � -state Markovian
model. In comparing the quality of the bounds that result it became apparent that the goodness
of a particular bounding or modeling technique has much to do with the nature of the metric
being computed.

In particular, while studying the throughput of protocols such as ARQ [2] and TCP [18],
Markov channel models with two states (one good and one bad), lead to throughput predic-
tions that agree quite well with simulations over fading channels. Is such a model adequate for
studying other performance metrics, such as delay, in a model that includes queues?

In a two state model, the duration of the good and bad periods are geometrically distributed. As
a result, the distribution of the residual life (time to end of duration) of both bad and good peri-
ods will be memoryless and have the same distribution as their respective typical distributions.
In fact, iid models also exhibit this property with the additional constraint that the parameters
of the two geometric distributions are complements of each other. The difference between an
iid model and a two state model is that in the latter case, the two geometric distributions can be
parameterized by arbitrary parameters. One may anticipate that realistic channels are unlikely
to produce bad and good periods that are memoryless and therefore one is forced to consider
higher order chains.

In this paper we study a simple example that reinforces these observations. We consider a
simple ARQ/queueing model, operating over a Rayleigh fading channel (as in the classic model
described in [19, 20]) and show that good matches with simulation results can be obtained by
modeling the error process by means of a Markov model with three states (one good and two
bad). The additional flexibility introduced by the third state allows us to adequately predict the
complementary distribution of the packet delay for the cases considered.

What appears to be happening over the fading channel is that packets awaiting transmission
when the channel is in a deep fade see atypical durations of the residual life of the fade. The
model with two bad states results in a richer, non geometric fade duration and can consequently
better model the effect of fading from the perspective of delay. The effect of model parameter
values on the goodness of the approximation is also discussed.

2 System Model

We assume a wireless link, subject to bursty errors, with a relatively high data rate, of the order
of 1 Mbps. The time axis is slotted, and transmissions occur in blocks (packets). We focus on

2



a single pair of communicating users. In each slot, packets are independently generated at the
transmitter according to a Bernoulli arrival process with rate

�
, and queued in a buffer awaiting

transmission.

A simple ARQ scheme is used to counteract the effect of packet errors. A perfect and instanta-
neous feedback channel is assumed, so that at the end of each slot the transmitter knows exactly
whether or not the transmission was successful1. Packets which were not successfully received
are immediately retransmitted.

The performance metric considered in this study is the lateness probability, i.e., the probability
that a packet is not successfully delivered within � slots of its arrival. In the presence of a
smoothing buffer at the receiver, this is the probability that the jitter experienced by a packet is
too large to be absorbed by the buffer itself.

3 The channel error process

The packet error process is derived from Clarke’s model for the Rayleigh fading channel [19,
20]. It is assumed here for simplicity that during a packet duration the value of the fading
envelope does not change significantly2. Furthermore, if the value of the envelope is above
a certain threshold, the packet is assumed to be correctly decoded with probability 1, and
incorrectly otherwise [1]. Long-term propagation effects (path loss and shadowing) are usually
compensated by power control and will be ignored here.

The key fading parameters in this context are the fading margin, � , and the normalized Doppler
frequency, ����� , where ��� is the maximum Doppler shift (mobile speed divided by the carrier
wavelength) and � is the duration of a packet (slot). The fading margin is the maximum
fading attenuation which still allows correct reception, i.e., �
	���
 dB means that a packet
transmission is successful as long as the value of the fading envelope does not drop more than
10 dB below its mean. The normalized Doppler frequency is directly related to the correlation
properties of the error process.

The two-state Markov model can be obtained from Clarke’s model by matching the average
packet error rate and the conditional probability of a success given a failure, which can be
either measured from a simulation or computed following Clarke’s analytical model [20].

The computation of the lateness probability for the simple system described above and for the
two-state error model has been performed analytically in [3]. However, when comparing the
analytical results based on the Markov approximation for the Rayleigh fading channel with the
performance obtained from its true simulation, significant differences are observed. As shown
in Figure 1, the analytical prediction may be accurate for small values of the delay parameter
(which is the less interesting case), whereas the match is much worse in the more interesting
right-hand side of the graph. This behavior can be explained by looking at the actual statistics
of the length of bursts of good and bad slots. For example, Figure 2 shows the complementary
probability distribution of the bad burst length for ������	�
���
�� and some typical values of � .
On the scale used, a two-state Markov model would result in straight lines, which is obviously

1Extensions to erroneous feedback and finite round-trip are discussed in [3].
2This assumption is well verified for all values of the Doppler frequency and data rates considered in this

study.
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not the case here. In fact, the curves appear to exhibit a two-slope behavior, which cannot be
correctly captured by a two-state approximation.

The reason why throughput predictions are accurate is that in evaluating throughput the time
span of important events does not extend much beyond the round-trip delay. That is, fitting
the channel error process with a Markov process which correctly approximates the bad burst
lengths up to just a few slots will provide good results simply because the region where the
model is not accurate plays a negligible role in determining the performance. On the other
hand, in delay and queueing analysis, in which longer time scales are to be considered, such
differences between error model and true behavior may lead to significantly inaccurate perfor-
mance evaluations.

A look at the statistics of the good burst duration (plotted in Figure 3), on the other hand, reveals
that a geometric model for the burst length may be good enough. Evidence in support of this
conjecture is given by Figure 4, which reports results of a simulation where the true statistics
was used for the bad burst duration, whereas a geometric approximation was used for the good
periods. It can be see that the source of error in using a two-state Markov approximation lies
in the inaccuracy of the geometric model for the error bad bursts.

4 Higher-order models for the fading channel

The above results demonstrate the need for higher-order error models in applications which
require consideration of a larger time scale. This problem can obviously be addressed by
increasing the size of the state space of the Markov chain beyond two. However, the beauty
of the two-state Markov model does not lie in its accuracy (which is actually not very good
in some cases, as just shown), but rather in the ease of handling it analytically when doing
performance analysis of protocols running on top of such error processes. The strength of the
two-state approach is then the fact that it enables analytical predictions, which make it possible
to obtain both quick results and revealing insight.

Based on this point of view, it appears that the straightforward approach of increasing the state
space of the chain until some prescribed accuracy of the match is achieved (according to some
metric) does not satisfy our main goal, namely, capturing the essential channel behavior with
a minimal number of states. Therefore, even though accurate channel models can be obtained
as in, e.g., [13, 14, 15], we focus in this paper on a much smaller class of models.

Specifically, by again looking at the plots for the burst durations given in Figures 2 and 3, it
appears that using just one good channel state may be adequate, whereas a two-slope approxi-
mation for the error burst duration would require two bad channel states. In general, we can ap-
proximate the complementary distribution of the error burst length,

���
bad burst duration ����� ,

by fitting it with the following function

�	�
��� 	 
��
�����

�����������
� (1)

with � 

�
��� �

�
	
� . Once the parameters of this function have been identified by appropriate

fit with the simulation results, on can build a Markov chain with
�! � states which has �	�
���

4



as the distribution of the bad burst length3. A possible choice4 is a chain where state 0 is the
(single) good state, states � � ��� � � �

are error states, and the transition matrix is given by

� 	

��������
�

��� � ��� � �	� � � 
�
�
 � 
 � ��
��� � � � 
 
�
�
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��� � 
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�
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���������
�
� (2)

where ��� 	 �
� � � can be found by matching the average error rate.

5 Computation of the lateness probability

The delay analysis for the system described in Section 2 has been presented in [3] for the
two-state Markov channel model, and is based on the analytical evaluation of the steady-state
distribution of the number of packets in the queue and on the recursive evaluation of the number
of successful slots in a given time duration. Except for some analytical simplifications which
lead to closed-form expressions, the same approach can be applied in this case. In fact, the
recursion can be rewritten to account for the increased number of states, whereas the derivation
of the steady-state queue length distribution can be obtained in general via matrix-geometric
techniques [21], or even in closed form for small

�
(we will actually focus on

� 	 � in this
study). The interested reader is referred to [3, 21, 22] for more details.

6 Results and discussion

In this section, we present some numerical results obtained based on a three-state Markov
approximation for the packet error process induced by the Rayleigh fading. This Markov
model has been obtained by fitting the burst length as explained in Section 4, and has been
used in the analytical evaluation of the lateness probability. These results are compared to
the performance obtained by running the ARQ protocol over the fading channel according to
Jakes’ simulator [19].

Figure 5 shows the lateness probability for various values of the fading margin and for � � � 	

���
�� . This corresponds, for example, to the transmission of packets of 1500 bits at a rate of
1 Mbps with carrier frequency 1800 MHz and pedestrian speed. Each plot shows curves for
two values of the arrival rate, namely

� 	 
���� and
� 	 
���� (other values of

�
show similar

behavior). For each value of
�

, three curves are plotted, i.e., the analytical results for two-state
(solid lines) and three-state (dashed lines) Markov models, and the simulated performance
(symbols). It is clear that the three-state model provides adequate accuracy, whereas the two-
state model may be exceedingly optimistic.

3We do not address here in detail the issue of the independence of the dwelling times in different states which
is inherent in the Markov characterization.

4Since a Markov chain with ����� states has ������� �"! independent entries in the transition matrix, whereas
the constraints are the parameters of #$�&%'! and the average packet error rate (giving ()� equations), it is clear that
for �+*,� there exists an infinite number of chains which result in the same error statistics.
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Other values of the fading rate are considered in Figure 6, where results are plotted for ��	 � �
dB and for ����� 	 
���
 
 � � 
�� 
'� (to be compared with � ����	�
���
�� in Figure 5c). It is seen that
the accuracy of the approximation is still satisfactory in most cases, although for some values
of the parameters this may not be true, as shown in Figure 7 for � 	 � � dB and fast fading
( � ��� 	 
���
 � ). In the latter case, the true performance curves change slope twice, and after
some value of the delay, the approximate results have the wrong slope and become less and less
accurate. Based on what we observed in passing from two to three states, we conjecture that
adding another error state may provide the additional degree of freedom necessary to produce
that second change of slope. Investigation of this conjecture is left for future study.

We stress the fact that the analytical results presented approximate the simulated performance
very closely, which is remarkable given the extreme simplicity of the error model compared to
the original Rayleigh fading process. It has been reported in the literature that accurate Markov
modeling can be achieved if tens or even hundred of states are used. Here we are getting very
good results by using only three!

In order to verify the generality of our findings, we also give another example of application, in
which a more complicated protocol is used. Again under the assumption of instantaneous and
error-free feedback, we consider an idealized Transport Layer protocol, which can be taken as
a representation of TCP. The window adaptation algorithm and the loss recovery mechanism
with fast retransmit are as in TCP Tahoe [23]. The protocol is run over a Radio Link Protocol
(RLP) which recovers packet errors through retransmission of the erroneous TCP packets. A
single connection is assumed, and the TCP packet length is taken to be constant and equal to
the radio link packet length.

The radio link protocol is only allowed to transmit a given packet for a finite number of times,
after which it will discard the packet and ask the TCP layer to pass down the next one5. The
discarded packet is therefore considered lost from the TCP viewpoint, and this situation will be
handled according to the protocol rules (i.e., if the window size and the channel behavior cause

�
packets to be successfully received, fast retransmit will occur, otherwise timeout expiration

will be waited for). The metric of interest is again the complementary distribution of the packet
delay. Bernoulli arrivals are assumed.

Results for � 	 ��
 dB and ����� 	 
���
�� are shown in Figure 8. Again, results obtained by using
the two-state and the three-state Markov models are compared with those for the true Rayleigh
fading simulation6. As before, the two-state model leads to optimistic results, whereas the
three-state model gives a better approximation.

From the results of this study, we can draw the following conclusions:

� the assessment of the goodness of an error model must take into account the metric
under study, i.e., a model which gives very good approximation for one metric (e.g.,
throughput) may turn out to be poor for others (e.g., delay)

� even though the error process induced by Rayleigh fading has nontrivial statistical prop-
erties and the interaction between this process and the queueing behavior of an ARQ

5When asking another packet, the RLP does not signal to the TCP whether the previous one was successfully
delivered or dropped due to too many retransmissions, thereby complying with layering requirements.

6Even for the Markov channel models, the performance shown has been obtained by simulation, since no
analytical approach has been developed for the performance analysis of the TCP/RLP stack.
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protocol or a TCP/RLP stack is involved, a surprisingly simple channel model has been
found to provide very accurate predictions, making analytical computations possible in
some cases

� complicated Markov models with many states, which certainly give a better approxi-
mation of the error process but may not give as much insight, are not necessarily to be
preferred to simple (though a little less accurate) models

� the goodness of the three-state error model depends also on the parameters involved, as
we found that for some values of � and � ��� is better than for others; extension of the
procedure to more states seems straightforward, and such a study is left as future work.
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Figure 1: Delay performance of ARQ: com-
parison between two-state Markov approxi-
mation and simulated fading process, # �� ��� (�� � ( � dB, ���
	 � ��� � � �
� � ��� � .
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Figure 2: Bad burst length distribution (sim-
ulated) for # � � ��� (�� � ( � dB and ���
	 �
��� � � .
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Figure 3: Good burst length distribution
(simulated) for # � � ��� (�� � ( � dB and
� � 	 � ��� � � .
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Figure 4: Delay performance of ARQ: com-
parison between two-state Markov approxi-
mation (solid lines), combination of exponen-
tial approximation of good bursts and true
distribution of bad bursts (dashed lines), and
simulated fading process (symbols), # �� ��� (�� � ( � dB, � � 	 � ��� � � ��� � ��� � .
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Figure 5: Delay performance of ARQ: comparison between two-state Markov approxima-
tion (solid lines), three-state Markov approximation (dashed lines) and simulation (symbols),
��� 	 � ��� � � �
� � ��� � and 0.9. (a) # � � � dB, (b) # � (�� dB, (c) # � ( � dB.
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Figure 6: Delay performance of ARQ: comparison between two-state Markov approximation (solid lines), three-
state Markov approximation (dashed lines) and simulation (symbols), # � ( � dB,

� � ��� � and 0.9. (a) ���
	 �
��� ��� ( , (b) ���
	 � ��� � � .
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Figure 7: Delay performance of ARQ: com-
parison between two-state Markov approxi-
mation (solid lines), three-state Markov ap-
proximation (dashed lines) and simulation
(symbols), # � � � dB, � � 	 � ��� � � ,
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and 0.9.
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Figure 8: Delay performance of TCP/RLP:
comparison between two-state Markov ap-
proximation (solid lines), three-state Markov
approximation (dashed lines) and simulated
fading (symbols), � � 	 � ��� � � , # � (�� dB,� � ��� � and 0.9.
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